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The possibility of quantum creation of a dilatonic AdS Universe is discussed. Without dilaton it is known that 
quantum effects lead to the annihilation of AdS Universe. We consider the role of the form for the dilatonic potential 
in the quantum creation of a dilatonic AdS Universe. Using the conformal anomaly for dilaton coupled scalar, the 
anomaly induced action and the equations of motion are obtained. The anomaly induced action is added to classical 
dilaton gravity action. The solutions of the full theory which correspond to quantum-corrected AdS Universe are 
given for number of dilatonic potentials. 



1. Introduction 

There is much interest now to various studies of Anti-dc 
Sitter (AdS) space. This is motivated by AdS/CFT cor- 
respondence (for a review, see £Q) according to which (in 
its simplest form), the properties of classical AdS space 
may correspond to the ones of some dual conformal field 
theory in less dimensions. 

From another side, quantum field theory in curved 
spacetime (see |2J, for a review) may help in our un- 
derstanding of the origin of the early Universe. In par- 
ticular, one of most successful inflationary models (so 
called trace anomaly induced inflation [S]) is based on 
quantum creation of de Sitter Universe by matter quan- 
tum effects. It is very interesting to understand if this is 
specific property of de Sitter space or it is quite general 
phenomenon? 

In this work, we consider the role of dilaton coupled 
quantum matter to stabilization of AdS Universe. It 
is known that without dilaton, quantum effects desta- 
bilize and annihilate AdS Universe [Hj- These quantum 
effects in our work are accounted for by four-dimensional 
dilaton conformal anomaly (for a review, see |7j). It is 
very interesting to note that such dialaton conformal 
anomaly in N = 4 super Yang-Mills theory with N = 4 
conformal supergravity may have the holographic origin 
(via AdS/CFT) as it was shown in [TT]. 

Using anomaly induced effective action for dilaton 
coupled scalar and adding it to the classical gravity ac- 
tion, we analyze the equations of motion, for a number 
of dilatonic potentials. It is shown that the possibility 
of quantum creation of dilatonic AdS space occurs. 
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2. Description of the Model 

First of all we will consider quantum fields in AdS space. 
At the end of this section we will also review quantum 
annihilation of Anti-de Sitter Universe [8]. 

Our model is given as a 4-dimensional Anti-de Sitter 
spacetime (AdS^) and the metric is chosen to be [5] 



ds 2 



,-2A 



x ' 3 {dt 2 - {dx 1 ) 2 - {dx 2 ) 2 ) - {dx 3 ) 2 ,(2.1) 



with a negative effective cosmological constant A = 
— A 2 . We may rewrite this metric in conformally flat 
form by using the following transformation 



y = x" 

taking a 



A 



obtain for the metric the following expression 
ds 2 = a 2 (dt 2 - dx 2 ) = a 2 n^dx^dx". 



(2.2) 

l/(Ax 3 ) = l/(Ay), we finally 

(2.3) 



It is important to remark that the obtained form for 
the metric is the most useful in the study of quantum 
gauge theory via the SG dual. 

Now, let us imagine that the early Universe is filled 
by some grand unified theory (GUT). In that case, it is 
known 2 that it is enough to consider only free fields, 
as radiative corrections are not essential. It is also im- 
portant to remark that unlike to the de Sitter space the 
AdS space is supersymmetric background for GUT in 
the case if it is SUSY. For a review of the quantum 
fields on negative curvature space see ref. 0. 

In order to construct the effective action in terms 
of the quantum scalar field theory, (for simplicity) we 
will consider the anomaly, expressed as (for a review see 
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where for single scalar, 
b = 1 
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while 77 is the square of the Weyl tensor in four 
dimensions , and G is the Gauss-Bonnet invariant 



2R^R^ + 1-R 2 



(2.6) 



Note that the constant b" is an arbitrary param- 
eter (it can be changed by a finite renormalization of 
the gravitational action). As the physical meaning does 
not change we may put b" = 0. The terms with co- 
efficients ai and a 2 correspond to the contribution of 
the dilaton, where / is an arbitrary dilatonic coupling 
/ = f(tp) . Their contribution to four dimensional con- 
formal anomaly is found in ref. I10j. The initial action 
for dilaton coupled conformal quantum scalar is given 
by: 



S = 



6 



(2.7) 



where (f> is quantum scalar filed. 

Note also that if in i|2.4|) the terms, which contain 
dilaton, are omitted we obtain the well known conformal 
anomaly, for scalar field. 

3. Effective action and equations of 
motion 

By using this conformal anomaly it is not difficult to 
construct the anomaly-induced effective action |Sj . Tak- 
ing into account that it is useful to consider a conformal 
metric for a AdS space, one may write the metric for 
our case as g^ = e 2a< - y ^r] liv , which is similar to (|2.3|) . 
where r/^ is the Minkowski metric. After this, using 
the techniques of ref. jS] , the following anomaly-induced 
effective action on AdS space is obtained, 

W = J d 4 x^2b'an 2 a - YL (b" + ^(b + &')) (6D<7 + 



[(W)(v/)] s 
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+6r 1 ^{d^){d v a)) 2 + o, 
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(W)(W)]}. 



Since a depends only on y and supposing that / = 
tp, this expression may be simplified, and finally the 



following expression is obtained for the effective action: 



W= VJdy 
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In the last equation we have a 1 = da/dy. On the 
other hand it is well known that the total effective ac- 
tion consists of W plus some conformally invariant func- 
tional. But, since we are considering a conformally flat 
background, this conformally invariant is a non-essential 
constant. It could become more important, similar to a 
kind of Casimir energy, if we considered periodicity on 
some of the coordinates (say, AdS BH) because in such a 
situation it would depend on the radius of the compact 
dimension. 

The quantum matter effects in the AdS Universe 
may be accounted by adding the anomaly-induced ac- 
tion to the classical gravitational action, which in this 
case includes a dilatonic potential V(<p) and a kinetic 
term for the dilaton, and has the following form, 

5ci = / dx\/—q(±t+—( 



. -g(R+^g >iV d fl tpd u tp + V(tp) + 



-6A) = 



d 4 ze 4CT (6e- 2ff ((a') 2 + (*")) + 



+ ^(Y) 2 + V(p,)+6A) 



(3.9) 



Now, in order to describe the dynamics of the whole 
quantum system, we must take the sum of the classical 
action and the quantum effective action. 

Varying the action S c i + W with respect to a and 
tp, one may obtain the equations of motion, assuming 
in this case that a and tp depends only on conformal 
coordinate y , we finally arrive at the following equations 
of motion 
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Here prime means derivative with respect to y . In order 
to analyze these equations it is interesting to consider 
the more simple case, when there is no dilaton. In such a 
situation from equations (|3.10|) it is very easy to obtain 
the following equation of motion, 



- 3 



(a"f 



a a^ 
66'(q') 4 _ 
F 6a 4 



6 / a 6 



- 12a" -24Aa 3 ) 
Abk V / 



0. 



(3.11) 



So as a result we have obtained the same equation, which 
is discussed in |5] in the similar situation when the terms 
depending on the dilaton are not present. Doing the 
same analysis, as in that reference, we see that looking 
for the special AdS-like solutions of l|3.11(l in the form: 
a = c/y, when there are no quantum corrections, there 
is a solution with c = A, in accordance with the 

AdS metric. On the other hand if the effective cosmolog- 
ical constant A = , Eq. (|3.11l) reduces to c 2 = b 'k (at 
a(y) = c/y). However, c 2 = b'n leads to an imaginary 
scale factor a , because b 1 < . We must understand by 
this that an Anti-de Sitter Universe can not be created 
just as a result of matter quantum corrections. But we 
know that there exists the possibility of creation of a 
de Sitter Universe by solely matter quantum effects 
Truly, for a scale factor, which depends only on time, 
the sign of curvature (which is positive) is changing. As 
a result, a = c/rj with c 2 = —b'n. So we conclude that, 
there is always a solution which leads to a quantum cre- 
ated de Sitter Universe. On the contrary, we see that 
a necessary condition for the existence of an Anti-dc 
Sitter Universe is the presence, in classical theory, of a 
negative effective cosmological constant. 

In the general case for c 2 (assuming A < 0) it is 
easily obtained the following algebraic equation : 



Ac 4 = 



and its solutions have the form: 



Cl 



1 

2A 



1 + s/1 + 4Kb' A 



and 



c 2 2 = -^t- (l - V1 + 4k6'A) 



(3.12) 



(3.13) 



(3.14) 



From these solutions we see that in the first of them, if 
we start from some bare (very small) negative cosmo- 
logical constant, we get an Anti-de Sitter Universe with 
a smaller cosmological constant due to quantum cor- 
rections. So we find that the quantum corrections act 
against the existing Anti-de Sitter Universe and make 
it less stable. This is the mechanism of annihilation of 
Anti-de Sitter Universe [B]. 

The second solution from the physical point of view 
it is not interesting because it corresponds to the imag- 
inary scale factor since in it c 2 < . 



With the solution like a(y) = c/y it is possible to ob- 
tain the the dependence of the complete effective action 
on c 2 , and we get for it, 



S c i + W = 



66'ln( ^ 



66' In ( ^ 

y 



8(6 + 6') 



- 86 - 146' 



6 (Ac 4 - c 2 ) 



12c 2 



(3.15) 



Summing, because of quantum corrections an already 
existing Anti-de Sitter Universe becomes less stable, 
whereas creation of an Anti-de Sitter Universe by solely 
quantum corrections as we have seen is impossible. Now, 
one may wonder which effects can be obtained if we in- 
clude in our scenario the terms with the dilaton. 



4. Dilaton coupled theories and 
stabilization of Anti-de Sitter 
Universe 

As examples of theories where dilaton appears we may 
consider the equations l|3.10|) and look for their solu- 
tions for different dilatonic potentials. It is very inter- 
esting to think about the most common functions for 
the dilatonic potential (like in the superstring theories) 
and look for the possibility of the creation of an Anti-dc 
Sitter Universe in such a gravitational background. In 
the following, for simplicity, we will consider the case 
when the kinetic term for the dilaton is absent. 

1. Firstly let us see the case when in (|3.9|l the dila- 
tonic potential is not present. In this situation the equa- 
tions of motion l|3.10|l take the form, 



Ol- 



2a- 



+3 



a" (ip') 2 



+2 



a ip 3 

X a ") 2 ^ , 



a ip^ 



2 1 

{a') 2 (^) 2 

2 2 



a 1 tp'tp" 



llll 



46[— -4: „ 

a a z 



- 2 

a ip^ 

(a') 2 a" 



6 



246' 



(a')V' (a') 4 



a:' 



a" 

a 4 A - 

K 



12 



-aa 



-CL2\ 



6ai 


In a 


W) 4 


a'a" 






a 2 








2a 



<£_ 

up- 



2l^1 

a ip 4 
in 



(f a 1 
ip 2 a 



0(4.16) 



Solving these equations, the first we will do is to make 
the transformation to cosmological time (for a review 
of the method see 0): dz = a(y)dy. After this, the 
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equations i|4.16[l take the form: 
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Here d = da/dz and oi> = dos/dz. 

As we see these equations are too complicated to be 
solved analytically and that is why it is necessary to 
look for their solutions approximately. So let us look for 
following Ansatz: 



a(z) ~ a e 



Hz 



tp(z) ~ 09 e 



(4.18) 



Taking into account that the logarithmic term is too 
small as In a ~ i/z and H is proportional to the Plank 
mass, we may neglect it. So after this we obtain from the 
second equation in (|4.17|) for a the following algebraic 
equation, 



2a\a + 6a 2 a = 



(4.19) 



and the solutions for this equation have the form: 



ot\ = , a 2 . 3 = ± 



3a 2 

Ol 



±2i 



(4.20) 



The imaginary solutions are not interesting because, as 
it is well known, in that case the creation of an AdS 
Universe is not possible as it would be unstable. The 
trivial solution leads to the case when there is no dilaton. 
We may conclude that the quantum correction we have 
included in the action, with out dilatonic potential does 
not give any effects in the early AdS Universe. 

2. Now let us choose the dilatonic potential in l|3.9fl 
to be of the form V(ip) = a In ip. Performing similar 
analysis as in the case before, we obtain the equations 



of motion in terms of z in the following form. 
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As it was done above we look for approximated solutions 
like 



a{z) 



a n e 



Hz 



ip(z) ~ 09 e~ 



(4.22) 



Substituting in the second of equations l|4.21(l and taking 
in it a small enough, we obtain for a the following 
algebraic equation, 



and 



4a + 8(47r) 2 a = , 



-327r 2 a 



(4.23) 



(4.24) 



Now from the first equation of (|4.21|l . neglecting the 
logarithmic term as above, for H 2 the following solution 
is obtained 



H 2 



1 



2Kb' 



-1 + VI + 4k6'A 



(4.25) 



This solution is always positive, and it is important to 
remark that in such approximation the solution for H 2 
does not depend on the value of parameter a , and it 
means that the quantum correction does not enter into 
H 2 . Thus, we have found a non imaginary scale factor 
for dilatonic AdS Universe and of course there occurs 
the possibility for quantum creation of dilatonic AdS 
Universe. 

3. Let us see one more case with the dilatonic poten- 
tial defined as V(ip) = u\p>. Substituting this form for 
the potential in H3.1()|l and performing similar analysis 
we obtain the following solution for a : 



a o a i Hz 

bna 2 

and finally for H 2 the solution is: 
1 



(4.26) 



H 2 = -_[-l + v / l + 4 K A6' + 4 K 6'a 1 o 5o ] . (4.27) 
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This solution is positive, as the third term in the radical 
is quite small, so the obtained value for H 2 fills the con- 
dition to obtain a non imaginary scale factor and there- 
fore the possibility for the quantum creation of dilatonic 
Ads Universe. 

5. Summary 

Summarizing, it was shown that without dilaton the 
quantum effects lead to the annihilation of AdS Uni- 
verse. We have seen how the form of the dilatonic po- 
tential affects the quantum creation of AdS Universe. It 
was shown the role of dilaton coupled quantum matter 
to stabilization of AdS Universe. 

Using anomaly induced effective action for dilaton 
coupled scalar and adding it to the classical gravity ac- 
tion, it was done the analysis of the equations of motion, 
for a number of dilatonic potentials. On the basis of this 
it was shown that the possibility of quantum creation of 
dilatonic AdS space occurs. 

The interest to AdS space is caused mainly by 
AdS/CFT correspondence and nice supersymmetric 
properties of this background. There was recently much 
interest also to brane- world approach where observable 
universe is considered as brane in higher dimensional 
space. There exits some variant of brane-world which is 
induced by brane quantum effects (so-called Brane New 
World) (for its formulation see |T2HT5| 1. 

It would be very interesting to understand the role 
of choice of dilatonic potential to quantum creation of 
dilatonic de Sitter and Anti-de Sitter spaces in Brane 
New World scenario. This will be discussed elsewhere. 
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